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Abstract. Using the theory of hyperkahler manifolds, we generahze the no- 
tion of Enriques surfaces to higher dimensions, explore their properties, and 
construct several examples using group actions on Hilbert schemes of points 
or moduli spaces of stable sheaves. 
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Introduction 

Naturally, Enriques surfaces play a prominent role in the Enriques classification 
of algebraic surfaces. They are, by definition, minimal surfaces of Kodaira dimen- 
sion K = with &2 = 10- An equivalent condition is that they are not simply 
connected and have a KB surface as universal covering. There are numerous deep 
results concerning Enriques surfaces, for example about their geometry, automor- 
phism groups, or periods. In light of this richness it is natural to ask whether there 
is a natural generalization of Enriques surfaces to higher dimensions. The goal 
of this paper is to introduce the notion of Enriques manifolds, explore their basic 
properties, and construct several interesting examples. 

Recall that a hyperkahler manifold is a smooth compact simply-connected Kahler 
manifold X with the property that H^{X, Vt\) is generated by a symplectic form. 
Beauville [3] showed that such manifolds are, together with complex tori and 
Calabi-Yau manifolds, the basic building blocks for Kahler manifolds with ci — 0. 
There is a profound theory for hyperkahler manifolds (see Huybrechts [TT]), which 
largely runs parallel to the theory of K3 surfaces. Indeed, one should view hy- 
perkahler manifolds as the correct generalization of K3 surfaces to higher dimen- 
sions. Therefore, we define an Enriques manifold as a connected complex space Y 
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that is not simply connected and whose universal covering X = Y is a, hyperkahler 
manifold. 

It turns out that the fundamental group 7ri(y) is a finite cyclic group. We call 
its order d > 2 the index of the Enriques manifold Y . This number c? is a divisor of 
n+ 1, where dim(y) = 2n, and moreover meets the condition ip{d) < b2{X), where 
if is Euler's phi function. A natural question arises: Which integers d appear as 
indices for Enriques manifolds? In other words, which cyclic groups can act freely 
on some hyperkahler manifold? 

In some sense, there are not too many known examples of hyperkahler manifolds. 
Beauville [3^ constructed two infinite series, namely the Hilbert scheme of points for 
K3 surfaces, and his generalized Kummer variety Km"(^), defined as a Bogomolov 
factor in Hilb""'' {A) for abelian surfaces A. Furthermore, there are two sporadic 
examples of O' Grady (see [27], [28] )■ The first idea to construct Enriques manifolds 
is to look at Hilbert schemes for Enriques surfaces or bielliptic surfaces, but this 
does not work out. Rather, it leads to an interesting new construction of Calabi-Yau 
manifolds : 

Theorem. Let S be an Enriques surface or a bielliptic surface, and n > 2. Then 
Hilb"(S') has a finite etale covering that is a C'alabi-Yau manifold or is the product 
of a Calabi-Yau manifold with an elliptic curve, respectively. 

However, if one starts with an Enriques surface S", say with universal covering S, 
and an odd number n>l, then the induced action of G = 7ri(S") o\i X — Hilb"(S') 
is free, and the corresponding quotient is an Enriques manifold Y of dimension 
dim(y) = 2n and index d = 2. There is a variant with generalized Kummer 
varieties, and the preceding construction can be extended from Hilbert schemes of 
points to moduli spaces of sheaves: 

Theorem. Suppose S' is an Enriques surface whose corresponding K3 surface has 
Picard number p{S) = 10. Let t; = (r, Z, x — G H^^{S,1) be a primitive Mukai 
vector with >0 and X € Z odd. Then for very general polarizations H G NS(iS')r, 
the moduli space X = Mh{v) is a hyperkahler manifold endowed with a free action 
of G — 7ri(S"), and Y = X/G is an Enriques manifold of dimension v'^ + 2 and 
index d ^ 2. 

Recall that a bielliptic surface S has, by definition, a finite etale covering A that 
is an abelian surface. To construct examples of Enriques of higher index, we use 
the classification of bielliptic surface due to Bagnera and de Franchis and study the 
induced action of G = 7ri(S') on Hilb" (A). This yields: 

Theorem. There are Enriques manifolds with index d — 2,3,4. 

The paper is organized as follows: In the first section we recall several results 
about the Bogomolov decomposition of manifolds with trivial first Chern class and 
the theory of hyperkahler manifolds. In the second section, we introduce the notion 
of Enriques manifolds and collect their basic properties. In the third section, we 
examine Hilbert schemes of points for Enriques surfaces and bielliptic surfaces. The 
first examples of Enriques manifolds appear in Section 4 as quotients of Hilbert 
schemes of points for the K3 covering of an Enriques surface. We extend this 
construction to moduli spaces of stable sheaves in Section 5. In Section 6 we 
use the classification of bielliptic surfaces to construct Enriques manifolds whose 
universal covering are Beauville's generalized Kummer varieties. 
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1. BOGOMOLOV DECOMPOSITION AND HYPERKAHLER MANIFOLDS 

Throughout this paper, we shall work over the complex numbers. Given a com- 
plex manifold Y, we regard its first Chern class Ci{Y) as an element in the rational 
vector space {¥, Q) . In this section we recall some results on compact Kahler 
manifolds Y with Ci{Y) = 0, which are due to Beauville, Bogomolov, Fujiki, Huy- 
brechts, Mukai, O'Grady, Yoshioka, and others. 

The fundamental result is that such manifolds Y admit a finite etale covering 
X ^ Y oi the form X = 01=1 where the factors Xi are complex tori, Calabi- 
Yau manifolds, or hyperkahler manifolds ([3] and 0)- Such a factorization on a 
finite etale cover is called a Bogomolov decomposition. The fundamental group of Y 
is an extension of a finite group by a free abelian group. Obviously, Tri{Y) is finite 
if and only if no Bogomolov factor is a complex torus. In this Bogomolov 
factorization exists only on the universal covering X = Y. 

Throughout the paper, the term Calabi-Yau manifold denotes a compact con- 
nected Kahler manifold X of dimension > 3 that is simply connected, has ujx = Ox , 
and hP'°{X) for < p < dim{X). With this definition, Calabi-Yau manifolds 
are automatically projective, by Kodaira's embedding Theorem. There is no com- 
mon agreement about the term "Calabi-Yau manifold" , and some authors use it 
to denote manifolds with ci — 0. Also, it is sometimes useful to replace the as- 
sumption that X is Kahler by the weaker assumption that X is is bimeromorphic 
to some Kahler manifold, which then is equivalent to being Moishezon. 

Recall that a hyperkahler manifold is a compact connected Kahler manifold X 
that is simply-connected with 7J°(A', f2^) = Cu, where cr is a symplectic form. 
In other words, it induces nondegenerate alternating pairing on all tangent spaces 
Qx{x), X ^ X. Let us recall some facts on such manifolds. The existence of 
a symplectic form a G 7?°(A', fi^c) ensures that dim(A') — 2n is even and that 
the dualizing sheaf uJx = Ox is trivial. Moreover, one knows that the algebra of 
holomorphic forms fi^) is generated by the symplectic form, such that 



thus x{Ox) = n + 1. There is an elaborate general theory about hyperkahler 
manifolds parallel to the theory of K3 surfaces, see Huybrechts [TT] . 
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Up to deformation equivalence, the only known examples of hyperkahler mani- 
folds are the Hilbert scheme of points Hilb"(5) for K3 sm^faces S and Beauville's 
generalized Kummer varieties Km" (A) for abelian surfaces A, both introduced by 
Beauville [3], and two sporadic examples Afg, A^io constructed by O'Grady as desin- 
gularizations of certain moduli spaces of sheaves on K3 or abelian surfaces ([27] and 
[28] ). Here are some numerical invariants for these hyperkahler manifolds: 



X 


Hilb"(S') 


Km" (A) 


Me 




dim(X) 


2n 


2n 


6 


10 


x{Ox) 


n + 1 


n + 1 


4 


6 


b2(X) 


23 


7 


8 


24 



Next, let us recall some facts about symmetric products and Hilbert schemes of 
points. Given an arbitrary compact complex space V, we denote by Sym^{V) the 
symmetric product. Let tt : F" — >• Sym"(y) be the quotient map. If V is normal, 
so is Sym"(V^), and the norm map tt, (0y„) — > ^sym^{v) induces a homomorphism 

Pic(V^) Pic(Sym"(t/)), C ^ C'^^l 

Using the interpretation = 7r,((X)f^j pr,*(£))'^", we easily infer iJ"(U, £) = 

i?°(Sym"(U), such that the preceding homomorphism is injective. If V is 

Gorenstein, so is Sym"(t/), and we have ajgymn(y) = (Ljy)'"'. 

According to Grothendieck's observation ([13], Expose IX, Remark 5.8), we have 
an identification 

7ri(Sym"(U)) = iJi(U,Z), n>2. 
If V is normal with only quotient singularities, then Sym"(l^) is normal with only 
quotient singularities. Under this assumption, the canonical map 

is bijective for any resolution of singularities Z Sym"(F), by [20_, Theorem 7.8. 
Now consider the Hilbert scheme, or rather Douady space, of points Hilb"(y), and 
let 

7 : Hilb"(U) Sym"(V^), A^Y. lcngth(0^,,)x 

be the Hilbert-Chow morphism, which sends a subscheme to the corresponding zero- 
cycle (see [T9^ for more details). In general, the Hilbert scheme of points is much 
more complicated than the symmetric product. However, if is a smooth surface, 
then the Hilbert-Chow morphism is a crepant resolution of singularities. We refer 
to Beauville's paper [3] or the monograph of Brion and Kumar [TO], Chapter 7 for 
detailed discussions. 

Now let us recall Beauville's generalized Kummer surface. Let A be an abelian 
surface, and consider the composite map 

Hilb"+^(A) Sym"+\A) A, 

where the first arrow is the Hilbert-Chow morphism, and the second arrow is 
the addition map. This actually is the Albanese map. The fiber over the origin 
Km" (A) C Hilb"^^(A) is called the generalized Kummer variety, and is a hy- 
perkahler manifold X = Km" (A) of dimension 2n. In other words. Km" (A) is 
defined as a Bogomolov factor for Hilb"'*' {A) . 
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Moduli spaces of coherent sheaves provide further examples. Let 5 be a K3 
surface, v € H°^{S,'Z) a Mukai vector, and H G NS(S')m a polarization. Mukai [22] 
showed that the moduli space Mh (v) of _ff-stable sheaves T on S with Mukai vector 
v{J-) = t; is smooth of dimension + 2, where v'^ = {v,v) comes from the Mukai 
pairing (for details, see [23] or [16], Chapter 6). It turns out that for H generic 
and V primitive, Mh{v) is actually a hyperkahler manifold (see [26 and 30 ), 
which is deformation equivalent to Hilb"(S'), n = (u^ + 2)/2. Using moduli spaces 
of stable sheaves on abelian surfaces and the Fourier-Mukai transform, Yoshioka 
[30j constructed hyperkahler manifolds Kh{v) that are deformation equivalent to 
Km"(yl). 

There are more examples of hyperkahler 4-folds, all of them deformation equiv- 
alent to Hilb^(S'): Beauville and Donagi [4] showed that the variety of lines on a 
smooth cubic hyperplanes in is a hyperkahler 4-fold. Iliev and Ranestad [TS] 
proved that the variety of sums of powers for a general cubic hyperplane as above is 
an another such examples. O'Grady [29 constructed hyperkahler 4-folds as double 
covers of certain sextic hyperplane in P^. Debarre and Voisin [11 showed that for 
V = C®^'^ and a G A^{V'^) general, the scheme of 6-dimensional subvector spaces 
of V on which a vanishes is a hyperkahler 4-fold. 

2. Notion of Enriques manifolds 

In the classification of surfaces, Enriques surfaces are defined as minimal surfaces 
S with Kodaira dimension k — and second Betti number 62 — 10. A different 
but equivalent definition is that S is not simply connected, and its universal cover 
is a K3 surface. Viewing hyperkahler manifolds as the correct generalization of 
K3 surfaces, we propose the following generalization of Enriques surfaces to higher 
dimensions. 

Definition 2.1. An Enriques manifold is a connected complex manifold Y that is 
not simply connected and whose universal cover X is a hyperkahler manifold. 

Obviously, Enriques manifolds Y are compact, of even dimension dim(y) — 2n, 
and with finite fundamental group. Averaging a Kahler metric on X over its G- 
translates, one sees that 1^ is a Kahler manifold. The 2-dimensional Enriques 
manifolds are precisely the Enriques surfaces, whose fundamental group is cyclic of 
order d = 2. In higher dimensions, this order is a basic numerical invariant: 

Definition 2.2. The index of an Enriques manifold Y is the order d > 2 of its 
fundamental group tti{Y). 

Let Y be an Enriques manifold of dimension dim(y) — 2n, and X — > F be its 
universal covering. Fix a base point y G Y. The natural action of 7ri(y, y) on 
X induces a representation on the 1-dimensional vector space H'^{X,il.^), which 
corresponds via the trace to a homomorphism p : Tri{Y,y) — C^. 

Lemma 2.3. The homomorphism of groups p : 7ri(Y, y) — > is injective. 

Proof. Let G C ker(/9) be a cyclic subgroup, say of order m = \G\, and consider the 
complex manifold Z — X/G. Let f : X Z he the canonical projection. Then 
the Oz-algebra f*{Ox) takes the form Oz ® C ® C®'^ ® ■ ■ ■ ® for some 

C G Pic(Z) of order m, where the multiplication is given by some trivialization 
£®m _^ -yyg havc xi^"^^) = z) bccausc C is numerically trivial, whence 
xiOx) = \G\xiOz). 



6 



KEIJI OGUISO AND STEFAN SCHROER 



On the other hand, we have H^{Z, T) = H^{X, f *{J-))'^ for every coherent sheaf 
on Z. The canonical map /*(ri^) bijective, because f : X Z is etale, 

and consequently H°(Z,n^z) = H^iX^VL^x)^ for ah p > 0. The group H^{X,n^x) 
vanishes for p odd, and is generated by the p-form a /\ ... ha for p even. Using that 
cr is G-invariant, we conclude that the canonical maps H'-\Z,ii'^) — > H'^{X,n^) 
are bijective. Hodge symmetry yields 

x{Ox) = = Y.(-irhP^"{Z) = xiOz), 

p p 

and this number equals n + I ^ 0. Whence \G\ — 1, and the representation p is 

faithful. □ 

Proposition 2.4. Let Y be an Enriques manifold of dimension dim(y) = 2n. 
Then tti{Y) is a cyclic group whose order d > 2 is a divisor of n + 1. 

Proof. Being a finite subgroup of the multiplicative group of a field, the fundamental 
group must be cyclic. The universal covering X has xi^x) = n + 1, and we have 
X{Ox) - dxiOy). □ 

Remark 2.5. The representation on f2|-) yields a canonical identification 

TTi(Y) = /j,d(C) with the group of d-th roots of unity. Consequently we have a 
canonical generator ^'^'^V^/d of the fundamental group. 

In the following, Y denotes an Enriques manifold of dimension dim(y) = 2n 
and index d >2, with universal cover X. Index and dimension control the Hodge 
numbers h^'t = dimi/9(y, Of,) for g = and p = 0: 

Proposition 2.6. We have 



h^^P{Y) = hP^°{Y) 



if 2d \ p and p < 2n, 
else. 



In particular, x(Cy) = (dim(r) + 2)/2d. 

Proof. Using H°{Y, QFy) = ^^x)^ , we have hP^°{X) = for p odd or p > 2n. 

Consider the case p <2n even. Then the canonical map 

p/2 

(1) (^H°{X,nj,) ^ H'^iX^QP,), ai®...®ap/2K-^c7iA...Aap/2 

1=1 

is bijective, and is 1-dimensional. The statement now follows from 



Lemma [2731 together with Hodge symmetry. □ 

Corollary 2.7. Every Enriques manifold Y is projective, and the same holds for 
its universal cover X . 

Proof The inclusion H^'\Y)k C H'^{Y, R) is bijective, since h'^-° = h^''^ = 0. Using 
that the Kahler cone inside H^'^{Y)^ is nonempty and open, we conclude that 
there must be an integral Kahler class on Y. According to Kodaira's Embedding 
Theorem (compare [12!, P- 191) i the Kahler manifold Y is projective. Pulling back 
this integral Kahler class, we obtain an integral Kahler class on X, so X is projective 
as well. □ 

Proposition 2.8. The group Pic(y) is finitely generated. Its torsion subgroup is 
a cyclic group of order d, which is generated by the canonical class uiy S Pic(y). 
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Proof. The map /^^(Oy) — > is bijective because / is etale. Whence we have 
a spectral sequence H^{G,H'^{X,Grm)) G,„), which yields an exact 

sequence 

— ^► H^{G,C'^) Pic(y) Pic(X)'^, 

where G acts trivially on C^. In turn, the group cohomology H^{G,C^) is the 
kernel of the map — >C^,zi->z'^, which is cyclic of order d. We have Pic''(X) — 
because its tangent space H^{X, Ox) vanishes. It follows that Pic(X) is finitely 
generated. Its torsion part vanishes because X is simply connected. Hence Pic(F) 
is finitely generated, and its torsion part is cyclic of order d. 

The canonical class ajy G Pic(y) has finite order because f*{uiY) = oox is trivial. 
Let r I d be its order. Then the induced G-action on uj'^^ = f*{u>Y^) is trivial. On 
the other hand, the representation on w^' ) has trace r''" : G C^, which 

follows from ([IJ. Here r denotes the trace of the representation on 51^). 
Therefore d \ rn. Proposition 12.41 implies that d \ r, whence d = r. □ 

There is a strong relation between the index of Y and the second Betti number 
of X. Let ip{d) be the order of the multiplicative group (Z/dZ)^. Recall that 
^{'^) — Y[Pi'~^iPi ^ 1) if = riiPr prime factorization. 

Proposition 2.9. We have ip{d) < b2{X). 

Proof. This result is due to Nikulin for K3-surfaces ([25,, Theorem 3.1); his ar- 
gument works in our situation as follows: First note that the restriction of the 
Beauville-Bogomolov form qx to H^^^{X)r C H^{X,R) has index (1,62(^) - 3), 
and that qx{oi) > for all Kahler classes a e H'^{X,M.), as explained in |17j, Sec- 
tion 1.9. Using that X is projective, we infer that qx is nondegenerate on NS(X) C 
H^{X, R). Let T C H^{X, Z) be the orthogonal complement of NS(X) C H\X, Z) 
with respect to the Beauville-Bogomolov bilinear form qx , which clearly is a lattice 
of rank < b2{X). Choose a generator go G G. By the Cayley-Hamilton Theorem, it 
suffices to check that the minimal polynomial for the endomorphism go G End(rQ) 
is the d-th cyclotomic polynomial which has degree (p{d). Suppose this is not 
the case. Then there is a nontrivial g & G admitting an eigenvector a; e Tq with 
eigenvalue 1. Choose a generator a G H'^'^{X) and write g*{(j) = ^cr for some 
nontrivial ^ £ C^. The G-invariance of the Beauville-Bogomolov form yields 

qx{x,(j) ^ qx{9*{x),g*{cr)) =qx{x,((j) ^(,qx{x,a). 

Since NS(X) C H^{X, Z) is the orthogonal complement of a, we have qx{x, a) ^ 0, 
whence ^ = 1, contradiction. □ 

Let us tabulate the possible indices for the Betti numbers for Beauville's families 
of hyperkahler manifolds: 



62 


X 


possible indices d 


7 


Km" (A) 


2-10,12,14,18,24 


23 


Hilb"(S') 


2 - 28, 30, 32, 33, 34, 36, 38, 40, 42, 44, 46, 50, 54, 66 



Of course. Proposition 12.41 gives stronger restrictions if n has few divisors. For 
example, with n = 2 or n = 3 we only have the possibilities c? = 3 or d = 2,4, 
respectively. With O'Grady's 6-dimensional example Mq only d = 2, 4 are possible, 
and with his 10-dimensional example Mio only d = 2, 3, 6 may occur. 
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We finally touch upon the subject of birationally equivalent Enriques manifolds: 

Proposition 2.10. Let Y and Y' be two Enriques manifolds that are birationally 
equivalent. Then they have the same index. 

Proof. The fundamental group is a birational invariant for smooth complex mani- 
folds (compare [T^, Section 4.2), whence d(Y) = d{Y'). □ 

3. Calabi-Yau manifolds via Hilbert schemes of points 

The prime goal of this paper is to construct examples of Enriques manifolds. The 
first idea that comes to mind is to look at Hilbert schemes of Enriques surfaces. 
This, however, does not lead to Enriques manifolds: 

Theorem 3.1. Let S be an Enriques surface and Y = Hilb"(S') for some n > 2. 
Then Tri{Y) is cyclic of order two, and the universal covering X of Y is a Calabi- 
Yau manifold. 

Proof. We have hP{Os) — for aU p > 0. Let pr : S*" ^> S"~^ be a projection. 
Then Rp pr^{Os") = for all p > 0. Induction on n and the Leray-Serre spectral 
sequence yields h^^Os^) = for all p > 0. Now consider the canonical projection 
g : ^ Sym"(S'). The resulting inclusion Osym"(5) C g^,{Os") is the inclusion of 
invariants with respect to the permutation action of the symmetric group, whence 
is a direct summand. It follows that /i^(C'sym"(S)) = for all p > 0. In turn, we 
have hP{OY) = for all p > because the singularities on the symmetric product 
are rational. In particular, xi^v) = 1- 

As discussed in Section [1] the dualizing sheaf uy has order two, and the funda- 
mental group 7ri(y) is cyclic of order two. Taking dim(y) = 2n > 2 into account, 
we deduce the assertion from the following Lemma. □ 

Lemma 3.2. Let Y be a compact Kdhler manifold with ci{Y) — 0. Suppose 
x(C'y) = 1 and 7ri(y) is cyclic of order two. Then the universal covering of Y 
is either a K3 surface or a C'alabi- Yau manifold of even dimension. 

Proof. Let X ^ Y he the universal covering. The manifold X is compact because 
i^i{Y) is finite. Consider the Bogomolov decomposition X — Y\a=i -^i^ where the 
factors are Calabi-Yau manifolds or hyperkahler manifolds. Complex tori do not 
appear, because Y has finite fundamental group. We have 

r 

2 = \n,{Y)\x{OY) = x{Ox) ^l[x{Ox,). 

i=l 

In particular, xi'^Xi) ^ 0, so no Bogomolov factor is an odd-dimensional Calabi- 
Yau manifold. Consequently xi^^Xi) > 2, which gives the estimate 2 > 2'', whence 
r — \. Thus X = Xi is either an even-dimensional Calabi-Yau manifold, or hy- 
perkahler. In the latter case, we have dim(X) ~ 2m and xi^x) ^ m+1, so m = 1 
and X is a K3 surface. □ 

What are the Bogomolov factors for the Hilbert scheme of points for bielliptic 
surfaces? In this situation, Calabi-Yau manifolds of odd dimension show up. In 
contrast to the even-dimcnsional case, the numbers xi^v) £^re then not so helpful. 
Rather than working with Euler characteristics, we shall work with graded algebras. 
Suppose y is a compact Kahler manifold. Then we have the cohomology algebra 

H'{v, c) - W{v, c) = H'^ix, nn, 

i p,q 
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which contains the algebra of holoniorphic forms 

R'{V,C) =^H\V,nP) CH'{V,C) 
p 

as a subalgebra. Note that these algebras arc graded-commutative, and that 
X(C'v') = J2p{~^y^^'^{^)- We shall use the following well-known properties of 
the algebra of holomorphic forms: 

Lemma 3.3. Let f : V ^ V be a proper dominant morphism of compact Kdhler 
manifolds. Then the pullback map R*{V) — >■ R*{V') is injective. It is even bijective 
provided f is bimeromorphic. 

The following observation will allow us to obtain some information on the Bo- 
gomolov factors in the Hilbert scheme of points for bielliptic surfaces: 

Proposition 3.4. Let X and Y be compact connected Kdhler m,anifolds of dim,en- 
sion 2n + 1 with ci = 0. Suppose that there is an finite Stale covering f : X ^ X 
so that X is the product of an elliptic curve and a hyperkdhler manifold. Assume 
there is a rational dominant map r : X --^t Y and that i^iiY) is finite. Then the 
universal covering Y is a Calabi-Yau m,anifold. 



Proof. We first reduce to the case tti (Y) 
diagram: 



0. Consider the following commutative 




Here F — >■ F is the universal covering, X' is a smooth compact Kahler manifold, 
X' — >■ X is a bimeromorphic proper morphism, and X' — > F is a dominant proper 
morphism. The square to the right is cartesian, such that X' — >■ X' is finite etale. 
By bimeromorphic invariance of the fundamental group, the induced map 'k\{X') — >■ 
7ri(X) is bijective, hence there is a finite ctalc covering X ^ X making the square 
to the left cartesian. We may also assume that our given finite etale covering 
X ^ X factors over X, by passing to a larger covering. Replacing Y, X by Y, X, 
we may assume that Y is simply connected and that X = M y. E \s the product of 
a hyperkahler manifold M and an elliptic curve E. 

The idea now is to use the algebra of holomorphic forms 

R'{V)=^H^{V,ill) 

p>0 

for various schemes V occurring in our situation. Let F = Yi x . . . x be the Bo- 
gomolov decomposition. There are no abelian factors because 7ri(F) = 0. Consider 
the chain of injective pull back maps 

R'{X) R'{X') ^ R'{Y) 
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induced from the preceding diagram. The map on the left is bijective since the 
proper morphism X' — > X is bimcromorphic, by Lemma 13.31 Therefore, we may 
regard R'iY) C R'{X) as a subalgebra. Moreover, R'iX) = R'{M) ® R'{E). 
Note that the product of elements of odd degree is zero, because dim{E) = 1. 

Seeking a contradiction, we now suppose that one Bogomolov factor is hy- 
perkahler, say of dimension 2ni < 2n — 2. We infer that there is a nonzero element 
cr G R*{Y) of degree two with (t"'+^ = 0. On the other hand, R'{M) is necessarily 
generated by ct, and therefore cr"'+^ ^ 0, contradiction. Whence all Bogomolov 
factors Yi are Calabi-Yau manifolds, say of dimension dim(Yi) = n^, such that 
2n + 1 = ni + . . . + Ud. Let ai £ R'{Yi) be a nonzero element of degree n^. Note 
that erf — 0, and aiaj ^ for i ^ j. 

Now suppose there are two odd-dimensional Bogomolov factors, say Yi, ^2- Then 
cria2 ^ inside R'{Y). But since the degrees of the pullbacks r*{ai) G R'{X) are 
odd, we have r* {ai)r* {(T2) — 0, contradiction. Whence there is at most one odd- 
dimensional Bogomolov factor. Since dim(y) is odd, there must be precisely one 
such factor. 

It remains to show that there are no even- dimensional Bogomolov factors. Sup- 
pose there is such a factor, say Yi. Set m = ni/2. Clearly, m < n — 1. In order 
to work with functions fields, let us now assume that X is a algebraic (In the gen- 
eral case, one has to work with general points rather then function fields) . Choose 
transcendence basis ti,...,t2m S K{Yi) in the function field of Yi. Using the 
canonical projection, we may regard K{Yi) C K{Y) as a subfield of the function 
field of Y. Then the differentials dii, . . . , dt2m € ^k(y)/c linearly independent. 
Choose a transcendence basis si, . . . , S2n G K{M) and S2n+i & K{E), such that 
dsi, . . . , ds2n+i G ^\c(x)/c fo'''^ ^ basis. Since 2m < 2n, at least one of the original 
dsi, . . . , ds2n does not lie in the image of the injection r2]^(.y^-j^p(X)if(X) — > ^]((^x)/c- 
Say this is ds2n- 

Now consider the nonzero element <ti G i?^™(Yi). Up to some factor from 
C^, we have r*{ai) = cr™ ® 1 inside R^-^iX) = R'^"'{M) ® R^iE), where cr G 
H'^{M,n\^) is a symplectic form on M. Since a is nondegenerate, the contraction 
(cr™, 9/9s2m) G ^/f(jf)/c ''^ith the derivation d/ds2m is nonzero. On the other 
hand, we have {r*{ai),d/ds2m) — 0, contradiction. □ 

Recall that a bielliptic surface is a minimal surface S with n ~ and b2 — 2. 
Equivalently, 5* has an etale covering that is an abelian surface, but is not an abelian 
surface itself. Note that the term hyperelliptic surface is also frequently used. We 
shall discuss such surfaces more thoroughly in Section [6l 

Theorem 3.5. Let S be a bielliptic surface and Y = IIilb"(S') for some n > 2. 
Then there is an etale covering Y Y so that Y is the product of an elliptic curve 
and a Calabi-Yau manifold of dimension 2n — 1. 

Proof. Since h^''^{S) = 1, the Albanese variety of S is an elliptic curve E. Let 
a : S ^ E he the Albanese map. Then a is surjective, and Oe — a*(C's), by the 
universal property. Consider the composite map 

(2) f-Y = Hilb"(5) Sym" (5) Sym"(£;) E, 

where the first arrow is the Hilbert-Chow morphism, the second arrow is induced 
from the Albanese map, and the last arrow is given by addition. Clearly, / : 
y — > i? is surjective with Oe — /*(Cy)- As discussed in Section [U we have 
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7ri(y) = Hi{S,Z), thus bi{Y) = 2 and h^^°{Y) = 1. It follows that f : Y -^ E is 
the Albanese map. 

Let Yq = f~^{0) be the fiber over the origin. The idea now is to apply Proposition 
l3.4l to Yq. As discussed in Section[T]y has ci = 0, thus the same holds for Yq. Next, 
we have to verify that tti (Yq) is finite. Clearly, the Albanese map is a Serre fibration, 
such that we have an exact sequence 

Tr2iE) TTiiYo) MY) ME) 0. 

The term on the left vanishes, and the fundamental groups of Y and E are finitely 
generated abelian groups of rank two. It follows that ttiIYq) is finite. 

It remains to construct a birational map Xq Yq as in Proposition 13.41 To 
do so, choose a finite abelian covering g : A S tor some abelian surface A 
and let X = IIilb"(A). Then X has a finite covering that is the product of an 
abelian surface and the hyperkahler manifold Km^{A). Consider the composite 
map A ^ S ^ E. The kernel of this map is a subgroup scheme, whose connected 
component of the origin C ^ is an elliptic curve. Consider the composite map 

X = Hilb"(^) Sym"(yl) — ^ A. 

The fiber Xq C X over the elliptic curve Aq C A has ci — 0, and admits a finite etale 
covering that is a product of an elliptic curve and Km" (A). The finite surjection 
Sym"(A) Sym"(S') defines a dominant rational map Hilb"(A) Hilb"(S'), and 
it is easy to see that the latter restricts to a dominant rational map Xq — > Yq. Thus 
we may apply Proposition 13.41 to finish the proof. □ 

4. First examples of Enriques manifolds 

In this section we shall construct the first examples of higher-dimensional En- 
riques manifolds. Suppose that S' is an Enriques surface, and let S" — > S" be its 
universal covering. Then S' is a K3 surface endowed with a free action of G = Z/2Z 
corresponding to a fixed point free involution l : S ^ S. This induces a G-action 
on IIilb"(S'). In light of Proposition 12. 4[ such an action cannot be free for n even. 

Proposition 4.1. Suppose n > 1 is odd. Then the induced G-action on X = 
Hilb"(S') is free, such that Y = X/G is an Enriques manifold of dimension dim(y) = 
2n with index d — 2. 

Proof. There is no i-invariant zero-cycle ■^j of odd length on S, because the 

involution l : S ^ S is fixed point free. Thus the induced G-action on the symmetric 
product Sym"(S') is free. Since the Hilbert-Chow morphism Hilb"(S') Sym"(S') 
is equivariant, the G-action on Hilb"(S') must be free as well. □ 

We now turn to Beauville's generalized Kummer varieties. Fix two elliptic curves 
E and E' , and consider the abelian surface A — E x E' . Choose a point a' G E' of 
order two and an arbitrary point a E, and consider the involution 

l:A — > A, (6,6')' — > i-b + a,b' + a'). 

Such maps were studied in connections with cohomologically trivial automorphisms 
and are attributed to Lieberman, compare [24j. The induced action of G = Z/2Z 
is free, because it is free on the second factor. Now consider the induced action on 
the Hilbert scheme IIilb"'''"'^(^) and the symmetric product Sym"^^(yl). Note that 
the addition map s : Sym"^^(A) — > A is not equivariant. 
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Proposition 4.2. Suppose n > 1 is odd and that a E E satisfies {n + l)a = 
and (n + l)/2 • a ^ 0. Then the subset Km" (A) C Hilb"^ (A) is G-invariant, and 
the induced G -action on X = Km" (A) is free. Whence Y = X/G is an Enriques 
manifold of dimension dim(y) = 2n and index d = 2. 

Proof. Let Z C Sym"(yl) be the subscheme of zero-cycles of length n + 1 on A 
whose sum in A is the origin G A. Then we have a commutative diagram 
X > 



z 


> 


I 

J'+^A) 


1 

> A. 



Hilb"+'(A) > Sym 

whose squares arc cartesian. The Hilbert-Chow morphism is cquivariant, thus it 
suffices to check that the subset Z C Sym"+^(A) is G-invariant and disjoint from 
the fixed locus. 

Let ^ zero-cycle of length n -I- 1 on ^, and write Xi =- (bi, b'j) with 

respect to the decomposition A = E x E'. Suppose that J2"^i Xi ~ 0, where now 
summation is the actual sum in A. Then ^ ■ bi = in E and 6^ = in E'. 
Applying the involution t yields a zero-cycle on A summing up to 

i i i 

It follows that Z C Sym"+^(A) is G-invariant. 

Now let p e Sym""*"^ (A) be a G-fixed zero-cycle. We check that p ^ Z: Since G 
acts freely on A, the zero-cycle has the form p = YllLii^i + ^i^i)) for some closed 
points xi,...,Xm e A where m = {n + l)/2. As above, write Xi = with 
respect to the decomposition A = E x E'. Computing the sum X^™i(a;i -|- L{xi)) 
in A and projecting onto E, we obtain — hi + a) = ma ^ 0. It follows 

p^Z. □ 

We now introduce the following slightly vague but useful shorthand notation 
Y = QdX in order to refer to a construction of Enriques manifolds Y of index 
d > 2 as a quotient of a class of hyperkahlcr manifolds X by some free action 
of G = Z/c?Z. For example, we write Q2Hilb"(S') for the quotients of Hilbert 
schemes for K3 surfaces, and Q2 Km" (_E x E') to denote the quotients of Beauvillc's 
generalized Kummcr varieties attached to the product of elliptic curve. We shall 
generalize these constructions in the next two sections. 

5. Stable sheaves on K3 surfaces 

We now generalize the construction Q2 Hilb"(S') from the preceding section using 
moduli spaces of stable sheaves. Throughout this section, S' is an Enriques surface, 
with universal covering S* — > 5", such that S is a XS-surface endowed with a free 
action of G = 7ri(5'), corresponding to a free involution t : S ^ S. 

Recall that if .F is a coherent sheaf on S of rank r = rank(.F), first Chern class 
I = ci(.F), and Euler characteristic x = x(-^)> then its Mukai vector is 



u( J-) = ch(7-)VTodd(5) = {r,l,x-r)e H'^^'iS, Z). 

Let V G H''^{S,Z) be a Mukai vector with > 4, and H € NS(5)r be a polar- 
ization. If Mukai vector and polarization are G-invariant, then the G-action on S 
induces a G-action on the moduli space Mh{v) of i?-stable sheaves on S with Mukai 
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vector v[J-) ~ v, which is a smooth scheme of dimension -\-2 with a symplectic 
structure but not necessarily proper. On the other hand, if v is primitive and H is 
very general, then Mh{v) is proper, and indeed a hyperkahler manifold. We have 
to ensure that the preceding conditions hold simultaneously. 

Proposition 5.1. The following three conditions are equivalent: 

(i) The K3 surface S has Picard number p{S) ~ 10. 

(ii) The canonical map Pic(S") — )■ Pic(S') is surjective. 

(iii) The G-action on Pic(S') is trivial. 

Proof. The spectral sequence m{G,Hi{S,0^)) => HP+i{S',0^,) yields an exact 
sequence 

H^CC") Pic(5") Pic{S f H^{G,C''). 

The term on the right vanishes because the group is divisible and G acts trivially. 
Furthermore, Enriques surfaces have Picard number p = 10, and the statement 
easily follows. □ 

Proposition 5.2. Suppose S" is an Enriques surface whose corresponding K3 sur- 
face S has Picard number p{S) — 10. Let v — {r,l,x ^ r) G H'^^{S, Z) be a Mukai 
vector and H G NS(S')r be a polarization. Then v,H are G-invariant, such that 
the G-action on S induces a G-action on Mh{v). If x^"^ is odd and Mh{v) ^ 0, 
then this G-action on Mh{v) is free. 

Proof. According to Proposition 15.11 the G-action on Pic(S') is trivial. Conse- 
quently the classes l,H ^ 'NS{S)m are invariant, hence also the Mukai vector 
V e -ff°^(S', Z). It follows that T t*{J') defines a G-action on the moduli space 
Mh{v) of _ff-stable sheaves T with Mukai vector v{J') = v. 

Now suppose X S ^ is odd. Seeking a contradiction, we assume that the G- 
action has a fixed point x € Mh(v). The corresponding coherent sheaf is then 
isomorphic to Choose an isomorphism h : F ^ l*{J^). Using — T ^ 

we may regard o /i as an endomorphism of T. Being stable, the sheaf T is 

simple, whence (K) o /i = A id for some scalar A G . Multiplying h with a square 
root of 1/A, we may assume A = 1, and this means that h : J- ^ defines a 

G- linearization. 

Let p : S ^ S' he the canonical projection. By descend we have !F = p*{J-') 
for some coherent sheaf !F' on S' . Consequently x = x{^) = \G\x{^') is even, 
contradiction. □ 

Theorem 5.3. Suppose S' is an Enriques surface whose corresponding K3 surface 
has Picard number p{S) — 10. Let v = (r, Z,x — r) G H'^^(S,'Z) be a primitive 
Mukai vector with > and x G Z odd. Then for very general polarizations 
H G NS(S')r, the moduli space X — Mh(v) is a hyperkahler manifold endowed with 
a free G-action, and Y = X/G is an Enriques manifold of dimension v'^ -\- 2 and 
index d = 2. 

Proof. The moduli space Mh {v) is a hyperkahler manifold because H is very general 
and X is primitive ([26], together with [30|, Proposition 4.12. Compare also [16j . 
Chapter 6.2). The G-action is free by Proposition [521 O 

Remark 5.4. Under the assumption of the preceding theorem, we have 

2n = dimMniv) = + 2 = - 2r(x - r) + 2 
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with n odd, in accordance with Proposition 12.41 Indeed, P = Q modulo 4, because 
any invertible sheaf on S comes from 5', and 5 — > S" has degree two, and the 
intersection form on Pic(5') is even. Moreover — 2r(x — r) = modulo 4 regardless 
of r, because x is odd. 

We now check that the conditions of Proposition IS . 1 1 indeed hold for very general 
Enriques surfaces. For this we need the Global Torelli Theorem for Enriques sur- 
faces, which is due to Horikawa ([l^ and |14]; see also [2]) Let L = Es{-1)®^ S) H®^ 
be the K3 lattice, endowed with the involution 

L : L — > L, (x, y, zi, 2:2, 2:3) ' — > (y, x, -zi, 2:3, 22)- 

Then each Enriques surface S' admits a marking, that is, an equivariant isometry 
L H'^{S,Z). Obviously, the antiinvariant sublattice L' C L is isomorphic to 
Es{—2) (B H (B H{2). Inside the period domain for K3 surfaces 

D = {[a] e V{L ® C) I (ct • ct) = 0, ((J • 5) > 0} , 

the period domain for Enriques surfaces is defined as the intersection 

D' = DnP(L'(»C). 

The discrete group T' = {g' e Aut(L') | 3g G Aut(L) with gL = Lg and g' = g\L' } 
acts on D' properly discontinuously, such that the quotient D' /V is a normal 
complex space. In fact, it acquires the structure of a quasiprojective scheme. To 
obtain the coarse moduli space of Enriques surfaces, one has to remove certain 
divisors. For each d e L' , consider the divisor H'^ = {[a] G I?' | (cr • d) = 0} C 
and let H' = [_\ Hd be the union over all d € L' with {d ■ d) — —2. It is known that 
H' /T' C D' /T' is an irreducible divisor [Tj. The Global Torelli Theorem asserts 
that 

D'/r' \ ij'/r' = (D' \ i?')/r' 

is a coarse moduli space for Enriques surfaces, such that its closed points bijectively 
correspond to isomorphism classes of Enriques surfaces. We note in passing that 
the coarse moduli space is quasiaffine [9]. 

Proposition 5.5. The set oj points in the coarse moduli space {D' \ H')/T' corre- 
sponding to isomorphism classes of Enriques surfaces S' whose universal covering 
S has Picard number p{S) = 10 is the complement of the union of countable many 
prime divisors. 

Proof. This condition on marked Enriques surface S' means that no G L' is 
contained in NS(S') C H^{S, Z). In other words, each d G L' must be orthogonal to 
cr G H'^''^{S) C H^{S, C). Consequently, the period [a] G D' lies in the complement 
of the union [J^eL' ^d- "^^^ latter is union is locally finite, because no point in 
D' is contained in an intersection i/^^ n . . . n 77^ where di, . . . ,ds G L' generate 
a subgroup of finite index. Therefore, the union IJ^g^; H'^ C -D is a divisor, which 
is clearly F'-invariant. Hence the subset {[JdeL' ^d)/^' D' /T' is locally a Weil 
divisor, whence itself the countable union of prime divisors. □ 

6. BlELLIPTIC SURFACES 

We now generalize the construction method Q2 Km" [A] using the theory of 
bielliptic surfaces. Recall that a minimal surfaces S of Kodaira dimension k = 
and second Betti number 62 = 2 is called bielliptic, or hyperelliptic. An equivalent 
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condition is that S is not isomorphic to an abehan surface but it admits a finite etale 
covering by an abehan surface. It turns out that the canonical class ujs G Pic(S') 
has finite order d G {2,3,4,6}, and that the corresponding finite etale covering 
A ^ S' is indeed an abelian surface. Note that this is an abelian Galois covering 
whose Galois group G is cyclic of order d, and that 

We call A ^ S the canonical covering of S. It turns out that A is isogeneous to 
a product of elliptic curves. More precisely, there is a finite etale Galois covering 
A ^ S factoring over A, where A = E x F is a product of elliptic curves with 
Galois group of the form G x T, where T ~ ker(yl. — > v4) is a finite subgroup and 
the Galois action of G and T on A = E x F split into direct product actions. 

There are only seven possibilities, and the whole situation was classified by Bag- 
nera and de Franchis. We now recall this result in a form we shall use: Consider 
the complex roots of unity 

and write E = C/{Z + riZ) and F ~ C/{Z + r2Z), where ti,T2 S H are periods. 
Also, let z g be an arbitrary element. The classification is as follows (compare 
[g and [5]): 



T2 


d 


GxT 




action of generators on A 


= ExF 




arbitrary 


2 


Z/2Z 




{ej)^{e + l/d,-f + z) 






c 


3 


Z/3Z 




{ej)^ {e + l/d,cof + z) 






i 


4 


Z/4Z 




{ej)^{e + l/d,ij + z) 






c 


6 


Z/6Z 




(e,/)^(e + lMC/ + z) 






arbitrary 


2 


Z/2Z X 


Z/2Z 


(e,/)K^(e + lM-/ + z) 


, (e,/)^(e + Ti/2,/H 


-1/2) 


c 


3 


Z/3Z X 


Z/3Z 


{e,f)^{e + lld,ujf + z) 


(e,/)^(e + Ti/3,/H 


-(1 + 0/3) 


i 


4 


Z/4Z X 


Z/2Z 


(e,/)^(e + lM*/ + z), 


(e,/)^->(e + Ti/2,/H 


-(1 + 0/2) 



So far, the element z G _F is irrelevant, because each action is conjugate via a 
suitable translation to the "standard action" with z — Q. Now fix an integer n > 1, 
and let S' be a hyperelliptic surface. The G-action on the canonical covering A 
induces an action on Hilb"~''^(A). Note that the addition map Hilb"'''^(^) A 
is not equivariant. Nevertheless, we seek conditions under which the zero fiber is 
invariant, and here our z € F comes into play: 

Proposition 6.1. Suppose that d \ n + 1 and that z G F[n + 1]. Then the subset 
Km" (A) C Hilb"+^(A) IS G-invariant. 

Proof. Let Symo(v4) C Sym"^^(v4) be the subscheme of zero-cycles summing up to 
the origin G j4. Then we have a commutative diagram 

Km" (A) > Sym^+\A) > 



Hilb"+i(A) > Sym"+i(A) > A, 

whose squares are cartesian. The Hilbert-Chow morphism is equivariant, thus it 
suffices to check that the subset Symo^^(^) C Sym"''~^(A) is G-invariant. 
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Let '^"^i Xi be a zero-cycle of length n + 1 on A summing up to zero. Choose 
lifts Xi G A and write Xi = (ej, fi) with respect to the decomposition A = E x F. 
Let g £ G he the canonical generator and write g ■ (e, /) = (e + l/d, ^/ + z) with 
^ G {— as in the Table. Application of the this automorphism yields a 
zero-cycle on A summing up to 

n+l 

J2 = Y^^ei + l/d, Ui + z) = {lx Xi) + (n + l){l/d, z). 

i=\ i i 

The second summand vanishes by our assumptions, and xi lies in T. It remains 
to check that T C A is invariant under the automorphism given by (1 x which 
is an easy direct computation. □ 

Next, we study fixed points on Hilbert schemes and symmetric products: 

Proposition 6.2. If there is a G-fixed point p G Sym""'"^(A), then d\n+l. 

Proof. By induction on n > 1. Write p ~ Y^^^^i Xi- Since G acts freely on A, the 
G-orbit G ■ Xi C A consists of d pairwise different points, and is contained in the 
support of p, such that p — Gxi is a G-fixed zero cycle on A of length n+l — d. 
The latter is divisible by d by induction, whence the same holds for n -|- 1. □ 

We now make an auxiliary computation: Let 5 be a bielliptic surface whose 
canonical class ujs € Pic(S') has order d, and consider the action of G = Z/dZ 
on A = E X F. Let g & G he the canonical generator, and write the action as 
g{e,f) = {e + l/d,^f + z) as in the table, with ^ = — for d = 2,3,4,6, 

respectively. Suppose that there is a G-fixcd point p G Sym"^^(A). As in the proof 
for the preceding Proposition, we havep — X)i=i Xlj=o 5"* (^^O; where m = {n+l)/d 
and suitable closed points. Choose lifts Xi e A. 

Lemma 6.3. Assumptions as in the preceding paragraph. Then the F -component 
of the sum J2T=i Ej=o 9^i^i) &A = ExF equals Et}(<^ - k)^''~'^mz G F. 

Proof. Write Xi = (cj, fi) with respect to the decomposition A = ExF. Computing 
the sum Sj=o 9''{^i) ill ^ projecting onto F, we obtain 

Eti EjZoi^'fi + i^'-' + +■■■+ e)z) 

= E^i(l + ^ + • • • + ^'-')fi + Etlid - k)e-'mz. 

Obviously, the d-th root of unity ^ ^ 1 is a root of the polynomial 1-|-T-|-. . .+T'^~^, 
and the result follows. □ 

Wc come to the main result of this section. Recall that T C ^ is the kernel of 
A ^ A. Its image under the projection A = ExF^F is called T C F. 

Theorem 6.4. Suppose S is a hyperelliptic surface whose canonical class has order 
d, and A^ S be its canonical covering. Let n>l be an integer with d \ n+l, and 
z G F[n + 1]. Write m = {n+l)/d and assume: 

(i) Ifd = 2 then mz ^ T. 

(ii) Ifd = 3 then T = and mz ^ Z(l + C)/3. 

(iii) Ifd = A then T = and 2mz ^ Z(l + i)/2. 
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Then the subset Km" (A) C Hilb"^^(A) is G-invariant, and the induced G-action 
on X — Km" (A) is free, such that Y = X/G is an Enriques manifold of dimension 
dim(y) ~ 2n and index d. 

Proof. We already saw in Proposition 16. II that Km" (A) C Hilb"'*'^(yl) is invariant. 
Seeking a contradiction, we suppose that the induced action on X = Km" (A) is 
not free. 

Let us first consider the cases d = 2 and d — 3. Then there is a fixed point on X, 
and its image under the Hilbert-Chow morphism is a fixed point p e SymQ^"'^(yl). 
Since G acts freely on A, we may write p = X^i^li X]j=o 9^ i^i)^ where xi, . . . , Xm G 
A are closed points, and g G G is the canonical generator. Choose lifts Xi G A, 
and write Xi = (e^, fi) with respect to the decomposition A = E x F. We now use 
Lemma 16.31 to compute the i^-component of the sum X^T^i Sj=o ^ ^• 

In case d = 2, the i^-component is given by mz G F ^ which is not contained in 
T C -F by assumption. Whence X^T^i T^'j=Q 9'' i^i) ^"^^ contained in the kernel T 
for the homomorphism A ^ A. On the other hand, we have X^I^Li Sj=o 9'' i^i) ~ 
in A, contradiction. 

Now suppose d = 3. Then the _F-component is given by (2 4- uj)mz. One easily 
computes that (l+C)/3 generates the kernel of (2+aj) viewed as an endomorphism of 
F[3]. So our assumption ensures that (2 + a;)mz ^ 0, and we obtain a contradiction 
as above. 

It remains to treat the cases d = 4. Choose a point p G SymQ^"^(A) whose 
stabilizer is nonzero. In case d — A, this point is fixed by the unique subgroup 
G' C G of order two. Applying the preceding paragraph to the hyperelliptic surface 
S' — A/G' , we obtain a contradiction. □ 

In all cases, the element mz G E[d] or suitable multiples have to avoid a 1- 
dimensional vector subspace in a 2-dimcnsional vector space over certain finite 
fields. This can always be done, so the cases are indeed nonvacuous. Thus: 

Theorem 6.5. There are Enriques manifolds of index d — 2,3,4. 

Remark 6.6. As pointed out by Sarti and Boissiere, the case d = 6 seems impos- 
sible here. 
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